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The design phase of devices involving many different flow phenomena requires efficient numerical simulations

that, although based on some approximations, are able to manage complex flow modeling and fluid–structure

interaction. The attention of the present study is devoted to liquid rocket engine cooling-channel flows, whose main

characteristics to be taken into account are high wall heat flux, of the order of 10 MW=m2; high flow Reynolds

number, of the order of 106–107; fully-three-dimensional flow; near-critical thermodynamic conditions of the fluid;

fluid decomposition reactions; and coupling between flow and wall temperature evolution. The proposed

approximation is to use parabolized Navier–Stokes equations. Parabolization is obtained by neglecting viscous

derivatives in the space-marching direction and by considering the streamwise pressure gradient as a source term

evaluated on the basis of the overall momentum balance. The algorithm is based on a finite volume approach, which

uses a modified Roe’s approximate Riemann solver for a fluid governed by a generic equation of state. Validation of

the approach is presented by comparison of the channel-flow results with full Navier–Stokes solutions and

experimental data. Results show that the present approach is a practicable one for the study of cooling properties of

real fluids in channels.

Nomenclature

Ax;i = area of the cell-face surface perpendicular to the
longitudinal direction

cp = specific heat at constant pressure
D = diameter of the channel cross section
d = distance from the closest wall
Fe = vector of Eulerian fluxes in the streamwise direction
�Fe = parabolized vector of Eulerian fluxes in the

streamwise direction
Ge,He = vectors of Eulerian fluxes in the transverse directions
Gv,Hv = vectors of viscous fluxes in the transverse directions
H = height of the channel cross section
h = enthalpy
h0 = total enthalpy
k = thermal conductivity
L = channel length
M = Mach number
n = direction normal to the longitudinal lateral surface
P = pressure term vector for parabolized Navier–Stokes

equations
Pr = Prandtl number
p = pressure
Q = source-term vector
q = heat flux
S = surface
S = vorticity module
~S = corrected vorticity module
Sc;i = surface of the channel cross sections at xi
Sl;i = cell-face surface parallel to the longitudinal direction

between the integration abscissas xi and xi�1

Sw;i = channel-wall surface spanning between the cross
sections at xi and xi�1

Sx;i = cell-face surface perpendicular to the longitudinal
direction

T = temperature
u = streamwise velocity component
v, w = transverse velocity components
x = streamwise direction and coordinate
y, z = transverse directions and coordinates
y� = nondimensional wall distance
� = viscosity
~� = integration variable of the turbulence-model equation
~� = corrected kinematic turbulent viscosity used in the

turbulence-model equation
� = density
� = wall shear stress
� = vorticity vector components
! = Vigneron parameter

Subscripts

b = bulk
c = critical value
i = cell index in the streamwise direction x
in = inlet
j = cell index in the transverse direction y
k = cell index in the transverse direction z
t = turbulent viscosity, conductivity, and Prandtl number
w = wall
1,. . .,5 = first–fifth components of flux vectors
6 = turbulence-model equation component of flux vectors

(sixth component)

I. Introduction

C OOLING of liquid rocket engine thrust chambers is a
mandatory task because of the high temperature reached by the

burned propellant gas. Among the possible choices for the cooling
system, regenerative cooling is often selected because of its good
efficiency. In this case, the fluid flows in channels surrounding the
thrust chamber; as a consequence, the study of flow evolution in
these channels is necessary for both thrust-chamber thermal design
and system analysis, especially in the case of closed-cycle
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turbopump-fed engines. The numerical study of flow evolution in the
channels is a necessary tool for the design of future engines, as
demonstrated from the many studies on the subject [1–9]. However,
to understand the difficulties of getting a reliable numerical
simulation, the following aspects have to be considered: channels are
long and narrow; the flow inside channels is strongly three-
dimensional; wall temperature, hot-gas flow evolution, and coolant
flow evolution are strongly coupled with each other; coolant can be
either liquid or gas or supercritical fluid or in near-critical thermody-
namic conditions; flow Reynolds number can be of the order of
106 � 107; wall heatflux can be of the order of 10 MW=m2; andfluid
decomposition reactions can occur [10]. If all of these aspects have to
be taken into account, it can be inferred that solving the full unsteady
Navier–Stokes equations can still be cumbersome in the design
phase. In fact, simplified one-dimensional or quasi-two-dimensional
approaches, which strongly rely on empirical correlations, are still in
use [2,4,11].

In this context, the aim of the present study is to develop a
simplified approach based on the solution of parabolized Navier–
Stokes (PNS) equations. This reduced set of equations falls between
the full Navier–Stokes (FNS) equations and the boundary-layer
equations in terms of complexity. Three groups of simplifiedNavier–
Stokes equations have been defined in the literature and have been
used to study viscous supersonic external flows: parabolizedNavier–
stokes equations; thin-layer Navier–Stokes equations; and reduced
Navier–Stokes equations [12–14]. Channel flows have also been
studiedwith simplifiedNavier–Stokes equations,whichbelong to the
family of PNS [15–17]. Partially parabolized Navier–Stokes
equations [18,19], for which a multiple-sweep marching method is
required, have alsobeenconsidered for the studyof the channelflows.
An exhaustive review of the different numerical approaches used to
solve simplifiedNavier–Stokes equations is presented in [12,20]. All
of these different numerical strategies share the common charac-
teristic that the steady form of the governing equations is employed,
and the solution is “marched” in space, so that a typical problem is
reduced from four to three dimensions. In a channel, this approach
allows one to solve the equations by marching in space in the main
flow direction. In general, this could be done only if the flow is super-
sonic. On the contrary, in the present channel flows thewhole flow is
subsonic. Therefore, some assumptions have to be made to treat the
backward-propagating signals: the strategy for treating the pressure
gradient in the streamwise direction is one of the main differences
between the different PNS schemes known in the literature.

Although solutions in the field of the cooling channelswith similar
approaches have been presented in the literature [1], the final aim of
the present work is to study thewhole regenerative cooling system of
a liquid rocket engine with a low computational cost, including the

main thermodynamic and fluid–structure interaction phenomena.
The present study follows the approach of a single streamwise sweep;
the pressure gradient in the space-marching direction is treated as a
source term that is evaluated by considering the overall conservation
of the momentum equation. Both laminar and turbulent flows have
been studied with the present approach for real fluids described by a
generic equation of state. Validation has been carried out for 2-D
planar and axisymmetric test cases by comparison with results
obtained by a validated full Navier–Stokes solver [5]. Moreover,
comparisons with full Navier–Stokes solutions and experimental

data are provided for a near-critical hydrogen test case [7,21]. This
test case is of particular interest because it presents heat transfer
deterioration, which is a phenomenon that can occur with near-
critical fluids for high heat fluxes and is difficult to reproduce
numerically.

II. Governing Equations

The parabolization of Navier–Stokes equations is obtained by
considering that a channel flow has a predominant flow direction. On
this basis, the following assumptions can be made:

1) The derivatives in the streamwise direction in the diffusive
terms are of lower order ofmagnitude than the same derivatives in the
transverse directions.

2) The velocity in the streamwise direction is always positive; no
reverse flow occurs.

3) The pressure gradient in the streamwise direction is constant
along each transverse plane.

Under these assumptions a fully parabolized form of the steady
Navier–Stokes equations can be considered to describe the flow
behavior. Considering a Cartesian reference system for a straight
tube, if x is the streamwise direction and y and z are the transverse
directions, then the conservative form of the three-dimensional PNS
equations is
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where the subscripts e and v indicate the Eulerian and viscous flux
vectors, respectively, after the PNS approximations have been
applied. These equations have been obtained by neglecting the
streamwise viscous flux vector and the x derivatives in the transverse
viscous flux vectors (in Gv and Hv, all the x derivatives have been
neglected). A source-term vector Q has been emphasized in Eq. (1)
for the sake of generality. The resulting expressions of the flux
vectors are
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where subscripts 2, 3, and 4 indicate, respectively, the second, third,
and fourth components of vectors. The system of equations (1) is a
parabolic system only if the flow is supersonic in the streamwise
direction, whereas the pressure gradient in the x direction permits
information to be propagated upstream in the case of subsonic flow.
In the latter case, from a mathematical point of view, the system is
elliptic. The influence of the streamwise pressure-gradient term on
the mathematical nature of the PNS equations has been studied by
Vigneron et al. [22], who showed that if only a fraction !
(0 � ! � 1) of the streamwise pressure gradient (dp=dx) is retained
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in the equations, the system also becomes parabolic in the case of
subsonic flow. The value of the parameter ! that makes the system
parabolic depends on the local flowMach number. Nevertheless, the
system is always parabolic if ! is set to 0: that is, if the streamwise
pressure gradient is no longer considered as an unknown. In this case,
the equation system is recasted as
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where the pressure gradient has been moved to the right-hand side to
emphasize that it is considered as a source term of the parabolic
system. The new symbols introduced with respect to Eq. (1) are
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The streamwise pressure gradient is considered as a source term P,
which is either known a priori or evaluated on the basis of integral
balance over the cross section, as will be discussed in the following.

III. Turbulence Model

Because of the high Reynolds number (of the order of 106), the
flow in the channels of interest is turbulent. In the present study, the
Reynolds-averaged Navier–Stokes approach is considered with a
one-equation turbulence model. In particular, the convection–
diffusion equation of Spalart and Allmaras [23] for the turbulent
viscosity is included in the system (4) after the PNS hypothesis have
been applied. Having neglected all the time and streamwise
derivatives, the scalar Spalart–Allmaras equation can be written as
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where the subscript 6 denotes the corresponding sixth component of
flux and source vectors of Eq. (4). In Eq. (6) the convection (Eulerian)
terms are

Fe;6 � u ~� Ge;6 � v ~� He;6 �w ~� (7)

and the diffusion (viscous) terms are
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where � � 2=3 and ~� is related to ~� through the relationship
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The pressure term is null (P6 � 0). Finally, the first five components
of the source term vector also continue to be null in the case of
turbulent flows, and its sixth component, Q6 in Eq. (6) is

Q6 � Pprod � Pdest � Pdiff (10)

where the production term is Pprod � cb1 ~S ~�, the destruction term is
Pdest � �cw1fw=��� ~�=d�2, and the diffusion term is
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In the evaluation of the diffusion term, the difference with respect

to the standard model is that streamwise derivatives are neglected. In
the evaluation of the production and destruction terms, the values of
the calibration constants cb1, cw1, cb2, and � are taken from [23], and

fw is an empirical function. The corrected vorticity module ~S is also

computed according to [23], except that the vorticity module S���������������������������������
�2
x ��2

y ��2
z

q
is computed by neglecting the streamwise

velocity derivatives. The components of the vorticity vector are
therefore
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The turbulence-model equation provides the value of the eddy
viscosity through the relationship

�t � ~�fv1 (12)

between the eddy viscosity and the integration variable ~�. The
empirical function fv1 is computed according to [23]. The value of�t
computed in Eq. (12) has to be added to the molecular viscosity in
Eq. (3). For the evaluation of the heat flux term in Eq. (3), the value of
conductivity has to include a turbulent contribution kt, which is
evaluated on the basis of �t and a turbulent Prandtl number as
follows:

kt � �tcp=Prt (13)

IV. Numerical Model

The numerical solution of Eq. (4), in which the streamwise
pressure gradient is treated as a source term, is carried out by
considering that the system of equations is parabolic in the stream-
wise direction and elliptic in the transverse directions: the equations
can therefore be solved using a space-marching method. The present
space-marching method relies on a finite volume scheme, in which

the unknown �Fe fluxes are integrated in the x direction with an Euler
explicit scheme once the Ge, Gv, He, and Hv fluxes have been
evaluated at the cell interfaces. Following this approach, and
referring to the generic integration cell (i, j, k) of Fig. 1, Eq. (4) can be
written as
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1
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where �x� xi�1 � xi, �P� Pi�1 � Pi, and ny and nz are the
components in the y and z directions, respectively, of the outward
unit vector normal to the longitudinal surface of the integration cell.

The �Fe;i fluxes are considered constant over the single transverse
cell-face surface of area Ax;i, which provides the first order of the
scheme. The viscous fluxes Gv and Hv are computed with central
differences, whereas the Eulerian fluxes Ge and He at each cell
interface are obtained as the solutions of a Riemann problem. The
Riemann solver is a modified version of the Roe’s approximate
Riemann solver [24] for Eq. (4) with generic equations of state:

h� h�p; �� T � T�p; �� � � � (15)

where h is enthalpy, T is temperature, p is pressure, and � is density.
Once all the eigenvalues have been evaluated, a Courant–Friedrichs–
Lewy condition permits choosing a�x integration step that provides

Fig. 1 Schematic of a generic 3-D control volume.
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a stable scheme. The equations of state (15) and transport properties
are computed according to [25,26] and discretized in a database;
during the solving process, the properties are taken from the database
that also includes the necessary thermodynamic derivatives [5].

A. Streamwise Pressure Gradient

One of the critical points of the algorithm is how to compute the
streamwise pressure gradient, which has to be evaluated at each
integration step. The P term in Eq. (4) is evaluated with an iteration
process, imposing the conservation of the integral momentum
equation for each step of the channel of length �x. Referring to
Fig. 1, the pressure variation has to verify the following balance
equation:
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where Sc;i�1 indicates the surface of the channel cross section, and
Sw;i is the wall surface of the channel in the length�x. For example,
for a 2-D planar channel, Eq. (16) becomes
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where H is the height of the channel. It is assumed that the pressure
gradient in the streamwise direction does not depend on the
transverse position in the transverse plane.

B. Two-Dimensional Axisymmetric

In the finite volume approach the 2-D axisymmetric case is
obtained with a suitable control volume and suitable boundary
conditions. The 2-D axisymmetric integration domain used in the
present simulations is a cylinder slice, as shown in Fig. 2. A
symmetry boundary condition is imposed on the lateral surfaces S1
and S2, and a viscous wall boundary condition is imposed on the
channel surface Sw;i. The symmetry axis (x axis in Fig. 2) is a
degenerate surface, where all the fluxes are assumed to be zero.

V. Validation: Comparison Between PNS
and FNS Results

To validate the PNS solver for a perfect gas, either in a laminar or
turbulent condition, comparisons have been made with the results
obtainedwith the full Navier–Stokes solver presented in [5] for a 2-D

planar flow and a 2-D axisymmetric flow. The fluid is air in a perfect-
gas condition. The parameters of all the test cases presented in the
following are listed in Table 1.

A. Two-Dimensional Planar Flow

Results obtained with the FNS and PNS solvers for 2-D planar
channels are compared for the following two test cases: laminar
adiabatic flow in test case 1 (TC1) and turbulent nonadiabatic flow in
test case 2 (TC2).

Inlet and outlet boundary conditions have to be imposed in the full
Navier–Stokes code: the stagnation state at the entrance (pressure
and temperature) and the static exit pressure. The geometric
parameters of the computational domain (L is the length of the
channel) are reported in Table 1. The density, pressure, and velocity
profiles at a distance L=2 from the entrance (x� 0) are enforced as
the initial condition of the PNS simulations; the results are compared
in the remaining L=2 length of the channel. Pressure, temperature,
and Mach number at the entrance of the channel of the PNS
simulations are also reported in Table 1. The bulk pressure and the
wall shear stress obtained with the two codes are compared in the
Fig. 3 for the laminar test case. The displacement of the PNS solution
with respect to the FNS solution is quite small; the maximum
discrepancy is 0.15%on the bulk pressure and 0.5%on thewall shear
stress. For the turbulent heated-flow test case TC2 (Fig. 4), the
comparison on the wall temperature Tw is displayed instead of the
wall shear stress. As can be seen in this case, the discrepancies are
very small; the biggest discrepancy is on the wall temperature with a
difference of 1% (Fig. 4b). These differences are as large, as
expected, because of the PNS approximation.

B. Two-Dimensional Axisymmetric Flow

As for the 2-D planar test cases, the 2-D axisymmetric flow
validation comparisons have beenmade between the results obtained
with the FNS and the PNS codes. The following test cases are
analyzed: laminar nonadiabatic flow (TC3) and turbulent adiabatic
and nonadiabatic flows (TC4, TC5, and TC6).

Figure 5 illustrates the comparisons for the bulk pressure and the
wall temperature for the laminar test case; it is a nonadiabatic flow
with constant heat load along the channel qw � 104 W=m2 (TC3 of
Table 1). As can be seen, the discrepancies are as small as in the 2-D
planar cases; the biggest discrepancy is on thewall temperature, with
a difference of 0.5%. The comparisons for the turbulent test cases are
presented in Figs. 6–8; TC4 is an adiabatic test case, and TC5 and
TC6 are heated flows with a constant heat load along the channel of
qw � 104 and 105 W=m2, respectively. The analysis of these
solutions shows a very good agreement for the bulk pressure, with
discrepancies smaller than 0.05%. The differences on the wall shear
stress and temperature are smaller than 5%, and the trends of the PNS
and FNS results are the same.

VI. Validation: Comparison with Experimental Data

The good agreement between the results obtained with the PNS
and the FNS solvers demonstrates that the terms neglected because of
the PNS hypothesis are of minor importance in channel test cases.
However, to extend the analysis to other possible situations occurring
inside rocket engine cooling channels, the case of heating of a
supercritical-pressure/subcritical-temperature fluid has been consid-
ered as a further validation test. Moreover, a longer channel than

Fig. 2 Schematic of a 2-D axisymmetric integration domain.

Table 1 Test-case inlet conditions and geometric parameters

Test case Fluid Geometry Flow pin, MPa Tin, K Min qw, MW=m2 D or H, mm L, cm

TC1 Air Planar Laminar 0.164 424 0.60 0.00 5 100
TC2 Air Planar Turbulent 0.234 412 0.21 0.10 5 25
TC3 Air Axisymmetric Laminar 0.243 311 0.14 0.01 4 50
TC4 Air Axisymmetric Turbulent 0.244 304 0.12 0.00 4 10
TC5 Air Axisymmetric Turbulent 0.244 312 0.12 0.01 4 10
TC6 Air Axisymmetric Turbulent 0.245 422 0.10 0.10 4 10
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those studied in the foregoing section should be considered. To reach
this goal, for a correct validation of the PNS solver, a test case has
been selected for which experimental data are available in the open
literature. In particular, the selected test case is one of those presented

in [21], which is a detailed experimental study of hydrogen flow in
heated tubes at sub- and supercritical pressures. Among all the test
cases, 64_706 has been selected because of the particular
thermodynamic condition of the hydrogen, which can be of great
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Fig. 3 Comparisons between FNS and PNS for a 2-D planar adiabatic laminar flow (TC1).
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Fig. 4 Comparisons between FNS and PNS for a 2-D planar heated turbulent flow of air in perfect-gas conditions (TC2).

x [cm] x [cm]

p
 [

M
P

a]

10 12 14 16 18
0.2420

0.2422

0.2424

0.2426

0.2428

0.2430

PNS
FNS

T
w

 [K
]

10 12 14 16 18
400

405

410

415

420

425

430

435

440

PNS
FNS

a) Pressure b) Wall shear stress

Fig. 5 Comparisons between FNS and PNS for a 2-D axisymmetric heated laminar flow of air in perfect-gas conditions (TC3).
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interest in the field of rocket cooling channels. Test-case inlet and
exit temperature are 25 and 53 K, respectively, and the inlet pressure
is 5 MPa. Consequently, hydrogen operative condition is trans-
critical; in fact, the pressure is supercritical (p=pc ’ 3:8), the inlet

temperature is subcritical (T=Tc ’ 0:8), and the exit temperature is
supercritical (T=Tc ’ 1:8).

This test case is of particular interest because it presents heat
transfer deterioration. This phenomenon can appear in the case of
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Fig. 6 Comparisons between FNS and PNS for a 2-D axisymmetric adiabatic turbulent flow of air in perfect-gas conditions (TC4).
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Fig. 7 Comparisons between FNS and PNS for a 2-D axisymmetric heated turbulent flow of air in perfect-gas conditions (TC5).
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Fig. 8 Comparisons between FNS and PNS for a 2-D axisymmetric heated turbulent flow of air in perfect-gas conditions (TC6).
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supercritical-pressure fluids with pressure and temperature close to
the critical ones (near-critical fluids). In fact, if such a fluid is heated
up in a channel and passes from a temperature smaller than the
pseudocritical temperature Tps to a temperature greater than Tps, a
pseudo phase change occurs [27,28] (the pseudocritical temperature
is the temperature at which specific heat at constant pressure has a
maximum at a specified pressure). The fluid passes from a liquidlike
to a gaslike state, with an abrupt change in all the properties [29]. This
can lead to a deterioration of the heat transfer at low mass flow rate,
high heat flux and fluid and wall temperatures being, respectively,

lower and higher than the pseudocritical value [9,30–32]. In fact, due
to the large heat flux, the temperature near the wall increases along
the tube and exceeds the pseudocritical temperature. As a
consequence, the density undergoes an abrupt fall; a gaseous film
appears near the wall, characterized by a low thermal capacity and a
low density. This causes a deterioration of the heat transfer and thus a
great increase in the wall temperature. More downstream, the bulk
temperature reaches the pseudocritical value, leading to an increase
in the velocity and thus in the heat transfer; as a result, the wall
temperature decreases. As amatter of fact, if the deterioration occurs,
thewall temperature first grows and then decreases; that is, it shows a
peak.

The mass flow rate per unit area of the tube cross section is
1324 kg=m2 s. The experimental apparatus is composed by a straight
tube that has a length of 91.44 cm and an internal diameter of
8.51 mm and is electrically heated (the nominal heat flux is
2:35 MW=m2) in the last part of the tube, whereas the first one-third
of the tube is unheated in order to have a developed flowfield in the
heated region [21]. The experimental results are measured in the
heated part of the tube by means of surface thermocouples, pressure
taps, and voltage-measurement devices. Computations are made of
the 2-D axisymmetric configuration, enforcing the following inlet
boundary conditions inferred from experimental data: static pressure
pin � 5:0012 MPa, density �in � 71:65 kg=m2, velocity uin�
18:5045 m=s, and vin � 0 m=s. These conditions provide the same
values as in the experimental test of static temperature and static
pressure at the first instrumented test section and mass flow rate.
Moreover, zero heat flux has been imposed in the first part of the tube
and a nonconstant heat flux distribution has been imposed in the
remaining length, as reported in [21]. In fact, the measured heat flux
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Fig. 10 Comparisons between experimental data and numerical results.
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is different from that theoretically enforced, because of the depend-
ence of the channel material electric resistance on temperature and
because of heat conduction through channel walls. For the latter
reason, the heat flux is also nonzero in the nominal unheated region,
and a linear interpolation has been assumed to enforce the smooth
transition between the adiabatic and heated part of the channel
(Fig. 9).

The numerical results are compared with the experimental data in
Fig. 10 in terms of wall temperature and bulk temperature, pressure,
and velocity. Note that the heat flux deterioration is shown by the
large peak of wall temperature (see Fig. 10a) occurring at
x ’ 50 cm. As can be seen in Fig. 10b, the bulk temperature
behavior is very well reproduced by the numerical simulation, with a
discrepancy smaller than 0.2%. Computed bulk pressure (Fig. 10c),
velocity (Fig. 10d), and density (not shown here) also fall in the range
of experimental test results, as the maximum discrepancy is only
0.1% for pressure, 0.5% for the density, and 0.6% for the velocity.
The wall temperature (Fig. 10a) shows a larger discrepancy, which
remains smaller than 6%, however. These comparisons are very
satisfactory. In fact, the data of [21] are affected by an estimated
experimental error of 3% for the mass flow rate, 4% for the inlet fluid
temperature, and 1% for the fluid pressure. Moreover, because the
value of material electric resistance is considered to be no better than
10% accurate, the same uncertainty affects the estimate of the heat
flux, as it is a function of the electric power supplied and the wall
material resistance.

For the sake of completeness, the results presented in Fig. 10 are
also compared with grid-converged FNS simulations carried out for
this test case in [7]. As shown in the foregoing section, there are
differences between PNS and FNS results. However, if compared
with experimental data, both results are included within the data
uncertainty. In particular, good agreement is found on the bulk
properties, whereas there is a greater discrepancy in the evaluation of
wall properties (for instance, see the wall temperature in Fig. 10a). It
is interesting to note that in this case, PNS results are even closer to
experimental data than are FNS results. Although the extremely high
resolution in the streamwise direction of PNS and the different way
of enforcing inlet and outlet boundary conditions could provide a
partial explanation, the greater closeness of PNS results to
experimental data with respect to FNS should be considered as
fortuitous. The overall result, however, is that both approaches can be
used to reasonably predict the flows of interest, as confirmed by
comparison with experimental data. In addition, the most important
result for the objectives of the present study is that the PNS approach
also provides solutions close to FNS in the case of turbulent heated
flow of a near-critical fluid.

The good agreement between experimental data and numerical
results on this test case therefore proves that the PNS solver could be
a suitable tool to study complex thermodynamic phenomena, such as
heat transfer deterioration, which is a phenomenon likely to occur in
liquid rocket engine cooling channels.

VII. Computational Time

The main advantage of the PNS approach with respect to the FNS
consists of a considerable saving of computational time. A
quantification of the saving has been carried out by comparing the
time it takes to compute the same flowfield with the two approaches.
The test case is the TC4 of Table 1, except for the length, which is
L� 20 cm (that is, 50 diameters). The same mesh in the transverse
direction has been adopted for both the computations. The end of the
computation with the two codes is obviously established by different
criteria; the FNS simulation is continued until iterative convergence
to the steady state is achieved, and the PNS simulation finishes when
the end of the tube is reached. The computations have been carried
out on an Intel processor, Core2, quad core, with a 2.5GHzCPU.The
FNS computation took �tFNS � 7895 s, whereas the PNS
computation only took �tPNS � 299 s: that is, more than 25 times
less. This is an illustrative case, but the same order of computational-
time saving was obtained in all configurations.

VIII. Conclusions

A first step toward the development of a parabolized Navier–
Stokes equations solver to study the flow evolution in the cooling
channels of a liquid-propellant rocket engine has been carried out.
The main advantage of this approach consists of a substantial saving
of computational time, which will allow more sophisticated
phenomena modeling in the future than that allowed by the solution
of the unsteady full Navier–Stokes equations. In the present study the
two-dimensional and axisymmetric turbulent compressible flows
have been considered in a generic thermodynamic state (perfect gas,
real gas, near-critical fluid, etc.). Validation has been carried out by a
comparison with numerical results obtained with a full Navier–
Stokes equations solver for 2-D planar and 2-D axisymmetric flows
on air in a perfect-gas condition. The results allow one to quantify
how well the parabolized Navier–Stokes equations can describe the
heated-channel-flow behavior. Finally, a further validation has been
carried out by comparison with other numerical results and
experimental data for a test case representative of liquid rocket
engine cooling-channel flows. The comparison with experimental
data has been carried out for a heated-channel turbulent flow of
hydrogen in a near-critical condition, which exhibits heat transfer
deterioration. The good agreement between the experimental data
and the numerical results is a confirmation of the validity of the
parabolized Navier–Stokes equations approach for the study of the
channel flows of interest in liquid rocket engine design. In addition, it
proves that the present parabolized Navier–Stokes equations solver
is able to describe complex thermodynamic phenomena, such as heat
transfer deterioration. These results give confidence in the future
development of the present numerical tool.
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